• IN CONVENTIONAL WORKING STRESS and ultimate strength design procedures, beams and slabs are sized for strength and the designer only checks for allowable deflection when he suspects that deflection may be a problem. When lightweight aggregate concrete is used, deflection may become more of a problem because of the low elastic modulus 1 and high creep characteristics 2 of this material. The use of the so-called "balanced-design" method may then be uneconomical. For such concrete (and where deflection considerations govern the design of normalweight concrete beams) it has been usual to modify the design by trial and error.
The design method described in this paper permits the designer to limit the theoretical length-deflection ratio to any predetermined value automatically. The theory is based on the flexural rigidity of the transformed cracked section although this specific quantity need not be calculated directly. The designer computes a dimensionless factor Q. This factor is the product of three dimensionless parameters:
A table of typical load-distribution coefficients for computing the third ratio in the case of simply supported beams is furnished for convenience.t It is a simple matter to make similar tables for cantilevers and other statically determinate cases. With the Q factor determined, the designer may relate the length to depth ratio of the beam with the neutral-axis depth factor k. The relationship is shown to be linear and a chart is provided to aid in the selection of values. Once k has been determined, all the usual design parameters for singly reinforced beams are established. A design chart relating these parameters is also furnished.
The primary purpose of the tables and charts is to provide a rapid design procedure, but they are equally useful for determining deflection in given designs.
NOTATION
The notation used is generally that of the American Concrete Institute. The other symbols used in this paper are listed below. 
BASIC ASSUMPTIONS
Essential to the method is the use of a realistic modular ratio n. Elsewhere1 it has been shown that the elastic modulus Ee of concrete is a function of its unit weight w, as well as its cylinder strength fc'.
The empirical formula E, = 33 w 312 y--,--:;, has been suggested,1 and has been used in this paper along with Es 30 X 10 6 psi for computing Es/Ee = n. The curves in Fig. 1 enable the designer to arrive at a suitable value of n when the strength and unit weight of the concrete are known.
Inherent in the theory presented is the flexural rigidity EI, although the value need never be calculated. With the second moment of area based on the transformed cracked section it follows that E equals Ee, The assumption of a cracked section throughout the entire length of a simple beam is not, of course, strictly correct, but it is consistent with current practice and gives a conservative estimate of short-time deflection. The equations based on the above assumptions are quite general and thus may be used for determining short-time deflections at working loads. of beams designed by ultimate strength methods.
THEORY
The maximum deflection t:,. in a simple beam of span L caused by any system of loading may be expressed as
where M is the maximum bending moment and a is a constant.
Transposing Eq. (1)
Values of a for several commonly encountered systems of loading on simply supported beams are given in Table 1 . Other values can be easily computed from Eq. (2) together with tables of moments and deflections available in many handbooks. A similar procedure will give values of a for cantilevers and other statically determinate cases. Where the loading system is not symmetrical the maximum moment and deflection will not occur together at the same point on the beam. The value of a is then approximate but quite adequate for practical purposes.
CONTROLLED-DEFLECTION DESIGN METHOD
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The deflection of a concrete beam under the action of m symmetric loading systems, by Eq. (1) and superposition, is More simply from which L'
The governing equation for stresst in the steel is
where I is based on the transformed cracked section.
Eq. ( 4) applies to all concrete beams either with or without compressive reinforcement. Combining Eq. (3) and ( 4) and eliminating I gives
Substituting Es= nE" and rearranging Eq. (5) gives
...
For simplicity of notation, let the product of the three ratios in braces be Q, viz., Eq. (8) is also general for all reinforced concrete beams. It -:hows that the values of k, Q, and L/d are related linearly so that it is a simple matter to determine one value when the other two are known or specified. Furthermore, when dealing with singly reinforced rectangular beams, a specific value of k fixes all the necessary design and investigation parameters. Fig. 2 is a design-investigation chart relating the +__ . three ratios of Eq. (8), viz., k, Q, and L/d. Fig. 3 relates k witih all the other conventional design parameters, viz., n, p, R, etc. These parameters are listed in the chart, but space does not warrant their derivation here. Fig. 3 is limited in use to the design of singly reinforced rectangular beams whereas Fig. 2 is quite general.
Example 1
The beam shown in Fig. 4 was designed according to ultimate strength theory using load factors of 1.2 and 2.4 for dead load and live load, respectively, and a steel yield stress f 11 = 50,000 psi. It is required to find the ratio of span to deflection under the action of the loading shown, assuming that creep in the concrete may be neglected. The concrete has a compressive strength fc' of 3000 psi and a unit weight w of 110 This value is a little low and indicates a 0.56-in. deflection in 13 ft 9 in.
Example 2
Using concrete with f/ = 3750 psi, w = 130 lb per cu ft and the span and loading condition of Example 1, design ( on the basis of the elastic theory) a singly reinforced beam 9 in. wide and a span to deflection ratio of at least 540. ~ = 540 and }; (Ma) = 0.098
This value is the same as that used in Example 1 since it may be assumed that the beams of Examples 1 and 2 will have much the same dead load.
If the steel is at working stress and from Eq. Since 540 is less than 750 the 15-in. depth is acceptable. To compute the steel area, Fig. 3 is used to obtain p = 1.9 percent.
Then
A, = 0.019 X 9 X 15 = 2.57 sq in.
Hence, use one #9 and two #8 bars which gives 2.58 sq in. The beam is shown in Fig. 5 .
In most cases it is required to adjust the values of d and As so that convenient bar sizes and formwork dimensions may be used. The resulting L/ ~ ratio may then be obtained by recomputing p and determining the new Q via Fig. 3 and 2 . The ratio L/~ is, by Eq. (7), proportional to Q and inversely pro- 
Beams with uniformly distributed loading only
In the case of simply supported and singly reinforced rectangular beams it may be shown that 
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. (10) where W t is the total load in kips per ft and L is the span in inches.
Combining Eq. (9) and (10) gives
1000 w,
It may also be shown that
Then from Eq. (8) and (12) It should be emphasized that the value of P is an upper limit. The designer is free to select a lower value of L/ d than the value indicated, in which case the deflection and stresses will be less than the specified maxima. Example 4 illustrates how this limitation may prevent the use of balanced design.
Example 3
The beam designed in Example 2 and shown in Fig. 5 is to be loaded with a uniformly distributed load. Neglecting creep under dead load, find the maximum uniformly distributed load (including its own weight) that the beam can support and the resulting L / D. ratio. in. for slabs, P reduces to
where w, is in kips per sq ft. 
Example 4
Using the same concrete as in Example 2, design a one-way slab with a 15-ft span to support a uniformly distributed load of 250 lb per sq ft. Limit L/ ll to a minimum of 300.
Let the superimposed load w 1 = 0.25 kips per sq ft; self load, assume W2 = 0.08 kips per sq ft; therefore, total load w 1 = 0.33 kips per sq ft.
Using Eq. (15) P' = 0.6 X 10 X 0.33 = 1.98 and The design is satisfactory from the point of view of deflection and strength, but is not balanced. The value of r for balanced design, referring to Example 2, is 11.9 whereas with P' = 1.98, the value of r is 14.8. This higher value indicates that in this particular case the deflection criterion demands an under-reinforced slab; the concrete stress being only f -20,000 -1350 psi
• -~
CONCLUSIONS
The examples are intended to illustrate the simplicity with which the designer may use deflection as a criterion in design whatever limitations he may be called on to apply. Nothing but straightforward elastic theory is used and this does not exclude the investigation of deflection in beams designed by ultimate strength theories. The authors are extending the present theory to cover the estimation of deflections caused by inelastic creep of the concrete and some promising results have been obtained. 
Metodo de Disefio de Deflexion Controlada para Vigas y Losas de Concreto Armado
Se describe un metodo de disefio de vigas y losas de concreto armado, en el cual se usa como criterio la raz6n permisible de luz a flecha. El metodo tambien se puede usar para estimar deflexiones en disefios dados, incluyendo aquellos en los cuales se usa la teoria plastica. Se hace hincapie en los disefios con concretos ligeros . Se usa solo la teoria elastica, y los calculos del modulo elastico del concreto se basan en trabajos anteriores . Se presenta un modo abreviado para el disefio de vigas y losas apoyadas simplemente, sometidas solo proporcionan a cargas distribuidas uniformemente.
Se proporcionan tablas y graficas de disefio para ayudar los calculos. El problema de d eflexiones causadas por flujo plastico y contracci6n del concreto se menciona tambien, pero no esta tratado directamente en este articulo. Los ejemplos, por lo tanto, se refieren s6lamente a flechas debidas a cargas de corta duraci6n . 
By L. S. MULLER+
The authors' approach to the problem is to be commended. Their achievement, however, would have been greater if they could have applied their method directly to ultimate strength design, where deflections influence and limit the dimensioning more critically than by a working stress design. The writer is well aware of the difficulties, as he has tried to develop the deflection equations using ultimate strength.
The authors have treated simply supported beams and slabs only, while in practice beams and slabs are usually continuous; or at least they have some degree of fixity at one, or at both ends. Nevertheless, there is little difficulty in extending the method to these cases, if in the authors' equation (p. 649) Similar equations are arrived at using an asymmetrical load. For instance, in the case of one concentrated load at a distance a, and a critical moment at a distance x from the left support:
where
should be taken.
With the above additions the authors' method may prove to be more useful in the design of reinforced concrete beams and slabs. The writer congratulates the authors for their ingenious approach.
AUTHORS' CLOSURE
The authors appreciate Mr. Muller's interest and his proposed extension of this method to include continuous beams. However, this extension should be applied with caution.
The theory assumes that there is negligible variation in flexural rigidity along the beam and that the crack distribution is fairly uniform. Thus a continuous beam having a rectangular cross section with equal steel top and bottom, presents no difficulty. The increased rigidity of the uncracked section near the points of contraflexure will not reduce the deflection materially. But in an unsymmetrical member, such as a T-beam, a section in the region of negative moment, in a continuous beam, may have markedly different flexural properties from those of a section in the positive-moment region. It would therefore be wise to treat the positive moment region of the beam between calculated ( or assumed) points of contraflexure as simply supported.
Continuity applied to beams with cracked sections introduces the problem of nonlinear behavior. This is rather beyond the scope of the authors' paper and requires further study.
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Controlled-Deflection Design Method for Reinforced Concrete Beams and Slabs
By DONALD G. ALCOCK and ADRIAN PAUW Describes a design method for reinforced concrete beams and slabs in which the a I lowable ratio of span to deflection is a criterion. The method may also be used for estimating deflections in given designs including those in which ultimate strength theory is used. Special emphasis is placed on design with lightweight aggregate concretes. The elastic theory only is used and estimation of the elastic modulus of concrete is based on previous work. A short-cut procedure is presented for the design of simply supported beams and slabs subjected to uniformly distributed loads only. Tables and design  charts • IN CONVENTIONAL WORKING STRESS and ultimate strength design procedures, beams and slabs are sized for strength and the designer only checks for allowable deflection when he suspects that deflection may be a problem. When lightweight aggregate concrete is used, deflection may become more of a problem because of the low elastic modulus 1 and high creep characteristics 2 of this material. The use of the so-called "balanced-design" method may then be uneconomical. For such concrete (and where deflection considerations govern the design of normalweight concrete beams) it has been usual to modify the design by trial and error.
1. The steel strain, which is the ratio of the steel working stress to its elastic modulus 2. The desired span to deflection ratio 3. A ratio determined by the type and distribution of the loads. A table of typical load-distribution coefficients for computing the third ratio in the case of simply supported beams is furnished for convenience.t It is a simple matter to make similar tables for cantilevers and other statically determinate cases. With the Q factor determined, the designer may relate the length to depth ratio of the beam with the neutral-axis depth factor k. The relationship is shown to be linear and a chart is provided to aid in the selection of values. Once k has been determined, all the usual design parameters for singly reinforced beams are established. A design chart relating these parameters is also furnished.
NOTATION
BASIC ASSUMPTIONS
The empirical formula Ee = 33 w• 12 -V°"V has been suggested/ and has been used in this paper along with E. 30 X 10 6 psi for computing E,/Ee = n. The curves in Fig. 1 enable the designer to arrive at a suitable value of n when the strength and unit weight of the concrete are known.
Inherent in the theory presented is the flexural rigidity EI, although the value need never be calculated. With the second moment of area based on the transformed cracked section it follows that E equals Ee. The assumption of a cracked section throughout the entire length of a simple beam is not, of course, strictly correct, but it is consistent with current practice and gives a conservative estimate of short-time deflection . 
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The equations based on the above assumptions are quite general and thus may be used for determining short-time deflections at working loads. of beams designed by ultimate strength methods.
THEORY
The maximum deflection 6. in a simple beam of span L caused by any system of loading may be expressed as
. (1) where M is the maximum bending moment and a is a constant.
Values of a for several commonly encountered systems of loading on simply supported beams are given in Table 1 . Other values can be easily computed from Eq. (2) together with tables of moments and deflections available in many handbooks. A similar procedure will give values of a for cantilevers and other statically determinate cases. Where the loading system is not symmetrical the maximum moment and deflection will not occur together at the same point on the beam. The value of a is then approximate but quite adequate for practical purposes. 
The governing equation for stress-:-in the steel is
Substituting E. = nE, and rearranging Eq. For simplicity of notation, let the product of the three ratios in braces be Q, viz.,
Then Eq. (6) becomes
Eq. (8) is also general for all reinforced concrete beams. It -;hows that the values of k, Q, and L/d are related linearly so that it is a simple matter to determine one value when the other two are known or specified. Furthermore, when dealing with singly reinforced rectangular beams, a specific value of k fixes all the necessary design and investigation parameters. Fig. 2 is a design-investigation three ratios of Eq. (8), viz., k, Q, and L/ d. Fig. 3 relates k witih all the other conventional design parameters, viz., n, p, R, etc. These parameters are listed in the chart, but space does not warrant their derivation here. Fig. 3 is limited in use to the design of singly reinforced rectangular beams whereas Fig. 2 is quite general.
Example 1
The beam shown in Fig. 4 was designed according to ultimate strength theory using load factors of 1.2 and 2.4 for dead load and live load, respectively, and a steel yield stress f 11 = 50,000 psi. It is required to find the ratio of span to deflection under the action of the loading shown, assuming that creep in the concrete may be neglected. The concrete has a compressive strength fc' of 3000 psi and a unit weight w of 110 lb per cu ft . This value is the same as that used in Example 1 since it may be assumed that the beams of Examples 1 and 2 will have much the same dead load.
If the steel is at working stress 20 30 X 10' From Eq. (7) and the previous ratios, Q is 0.035. Since 540 is less than 750 the 15-in. depth is acceptable. To compute the steel area, Fig. 3 is used to obtain p = 1.9 percent.
Then
Hence, use one #9 and two #8 bars which gives 2.58 sq in. The beam is shown in Fig. 5 . In most cases it is required to adjust the values of d and A. so that convenient bar sizes and formwork dimensions may be used. The resulting L/ .:l ratio may then be obtained by recomputing p and determining the new Q via Fig. 3 and 2 . The ratio L/ .:l is, by Eq. (7), proportional to Q and inversely proportional to the steel stress.
Beams with uniformly distributed loading only
In the case of simply supported and singly reinforced rectangular beams it may be shown that Computation of the parameter P enables the designer to enter the design chart, Fig. 3 , and determine the values of k and p. With k known, Fig. 2 gives the required values of L/d.
It should be emphasized that the value of P is an upper limit. The designer is free to select a lower value of L/d than the value indicated, in which case the deflection and stresses will be less than the specified maxima. Example 4 illustrates how this limitation may prevent the use of balanced design.
Example 3
The beam designed in Example 2 and shown in Fig. 5 is to be loaded with a uniformly distributed load. Neglecting creep under dead load, find the maximum uniformly distributed load (including its own weight) that the beam can support and the resulting L/ ~ ratio. 
Example 4
Using the same concrete as in Example 2, design a one-way slab with a 15-ft span to support a uniformly distributed load of 250 lb per sq ft. Limit L/ !l to a minimum of 300.
Let the superimposed load w 1 = 0.25 kips per sq ft; self load, assume w 2 = 0.08 kips per sq ft; therefore, total load Wt = 0.33 kips per sq ft.
Using Eq. (15) P' = 0.6 X 10 X 0.33 = 1.98 and Fig. 3 The design is satisfactory from the point of view of deflection and strength, but is not balanced. The value of r for balanced design, referring to Example 2, is 11.9 whereas with P' = 1.98, the value of r is 14.8. This higher value indicates that in this particular case the deflection criterion demanas an under-reinforced slab; the concrete stress being only f • -20,000 -1350 psJ. 
CONCLUSIONS
The examples are intended to illustrate the simplicity with which the designer may use deflection as a criterion in design whatever limitations he may be called on to apply. Nothing but straightforward elastic theory is used and this does not exclude the investigation of deflection in beams designed by ultimate strength theories. The authors are extending the present theory to cover the estimation of deflections caused by inelastic creep of the concrete and some promising results have been obtained.
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